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Abstract
In this survey, estimation methods for structural vector autoregressive models are presented in a systematic way. Both frequentist and Bayesian methods are considered. Depending on the model setup and type of
restrictions, least squares estimation, instrumental variables estimation, method-of-moments estimation and generalized method-of-moments are considered. The methods are presented in a unified framework that enables
a practitioner to find the most suitable estimation method for a given model setup and set of restrictions. It is
emphasized that specifying the identifying restrictions such that they are linear restrictions on the structural parameters is helpful. Examples are provided to illustrate alternative model setups, types of restrictions and the
most suitable corresponding estimation methods.

Keywords: Bayesian estimation, maximum likelihood estimation, generalized method-of-moments,
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1. Introduction
In a seminal paper Sims (1980) criticized traditional simultaneous equations systems and proposed
using vector autoregressive (VAR) models as alternatives. Since then structural VAR models have become a standard tool for macroeconomic analysis. Structural VAR models are estimated with a variety
of methods that depend on the model setup and the type of structural (identifying) restrictions. The
estimation techniques that have been used in this context are least-squares (LS), method-of-moments
(MM), instrumental variables (IV), generalized method-of-moments (GMM), maximum likelihood
(ML) and Bayesian methods. All these methods are described in the related literature (Breitung et al.,
2004; Kilian and Lütkepohl, 2017; Lütkepohl, 2005). In this survey a systematic account of the available methods is provided that directs researchers to the appropriate method for a given model setup
and set of identifying restrictions. This paper serves researchers who look for a suitable estimation
method for a specific application of structural VAR models.
The study focusses explicitly on models where the identifying restrictions are placed on the impact eﬀects of the shocks or on the structural relations of the variables. It sets up the model as a
system of simultaneous equations and directs the reader to the most suitable estimation methods for
a given set of restrictions. The presentation of the estimation methods partly follows Kilian and
Lütkepohl (2017). The methods are not only presented but also practical advice is given which
one to use in a specific situation. The emphasis is on exposing the methods rather than specific
estimation algorithms because suitable software for most of the methods is available in the internet. (For example, Matlab code for many of the methods mentioned in this review is available at
http://www-personal.umich.edu/∼lkilian/book.html. JMulTi is a menu-driven software that includes
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estimation methods for a range of structural VAR models (Krätzig, 2004). It can be downloaded from
http://www.jmulti.de. Moreover, EViews is a commercial software with a structural VAR estimation
part (EViews, 2000, http://www.eviews.com/home.html).) Also statistical inference derived from the
estimates is not the focus of this survey because inference methods in structural VAR analysis are
more important for functions of the parameters such as impulse responses than for the structural parameters. For impulse responses and related quantities frequentist inference is typically based on
bootstrap methods that require the computation of a large number of point estimates. Hence, being
able to obtain such estimates is important. This survey can help finding suitable estimation techniques
that can be used as basis for bootstrap methods.
The study is structured as follows. In Section 2 the model setup is presented and Section 3 discusses the types of restrictions considered. Sections 4–7 describe a range of estimation methods and
illustrations are presented in Section 8. Section 9 concludes and mentions some extensions.
The following general notation is used throughout. The natural logarithm is abbreviated as log
and ∆ is the diﬀerencing operator defined such that ∆yt = yt − yt−1 for a time series variable yt . The
trace and the determinant of a square matrix A are denoted as tr(A) and det(A), respectively, whereas
chol(A) denotes the Cholesky decomposition of A. In other words, chol(A) is a lower-triangular square
matrix with nonnegative diagonal elements such that A = chol(A)chol(A)′ . The column stacking
operator is signified by vec and the operator which stacks all columns of a square matrix from the
main diagonal downward is signified by vech. For a vector x, diag(x) stands for the diagonal matrix
with the components of x on its main diagonal. IK denotes a K × K identity matrix. For n > m, the
orthogonal complement of a n × m matrix A is denoted by A⊥ . In other words, A⊥ is a n × (n − m)
matrix such that the n × n matrix [A, A⊥ ] is nonsingular and A′ A⊥ = 0. A normal distribution with
mean µ and variance (covariance matrix) Σ is signified as N(µ, Σ).

2. Model setup
The basic model of interest in this survey is a VAR model of order p, i.e., a VAR(p) model. It is set
up in levels VAR form or, if some of the variables are integrated and possibly cointegrated, in vector
error correction form. In this section both setups are considered in turn.

2.1. Vector autoregressive models in levels
We consider the K-dimensional reduced-form VAR(p) model
yt = ν + A1 yt−1 + · · · + A p yt−p + ut = AYt−1 + ut ,

(2.1)

′
where Yt−1
≡ (1, y′t−1 , . . . , y′t−p ) is (K p + 1)-dimensional, A ≡ [ν, A1 , . . . , A p ] is K × (K p + 1), and
ut = (u1t , . . . , uKt )′ ∼ (0, Σu ) is a K-dimensional white noise residual process, i.e., ut is serially uncorrelated, has zero mean and covariance matrix Σu . The K × 1 vector ν is a fixed, nonstochastic intercept
term. Additional deterministic terms can be handled straightforwardly but are neglected because they
are not important for the following discussion.
The VAR(p) process yt is stable and stationary if the polynomial
(
)
det IK − A1 z − · · · − A p z p
(2.2)

has all its roots outside the complex unit circle. If the polynomial (2.2) has unit roots (z = 1), some
or all of the components of yt are integrated and possibly cointegrated. It is assumed that all variables
are at most integrated of order one such that they are stationary in first diﬀerences.
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To represent structural relations between the variables, the equations (2.1) are multiplied by an
invertible K × K matrix A such that
Ayt = Aν + AA1 yt−1 + · · · + AA p yt−p + Aut = AAYt−1 + Aut .
In this structural-form VAR representation, the structural innovations or shocks are wt = (w1t , . . . , wKt )′
= Aut . It is assumed that A has a unit main diagonal and wt ∼ (0, Σw ) has a diagonal covariance matrix Σw = AΣu A′ = diag(σ21 , . . . , σ2K ). Thereby the kth structural equation can be written with ykt as
dependent variable on the left-hand side and instantaneous values of other variables and lags of all
variables on the right-hand side. In other words, denoting the i jth element of A by ai j , the kth structural
equation is
ykt = −

K
∑

aki yit + a∗k Yt−1 + wkt ,

i=1
i,k

where a∗k is the kth row of AA. Restrictions have to be imposed on A to ensure that the structural
matrix A is identified and can be estimated consistently. Using the terminology of Lütkepohl (2005)
this model is called the A-model.
Alternatively, the structure can be imposed by defining wt = B−1 ut or ut = Bwt and considering
the structural form
yt = ν + A1 yt−1 + · · · + A p yt−p + Bwt = AYt−1 + Bwt .

(2.3)

In other words, the reduced-form innovations ut are replaced by Bwt . In this setting, wt is assumed
to have unit covariance matrix such that wt ∼ (0, IK ) and, hence, Σu = BB′ . This model is termed
B-model. In this model the identifying restrictions are imposed on the structural matrix B which
represents the impact or short-run eﬀects of the structural shocks wt .
Occasionally a combination of A- and B-models is of interest to ease the imposition of the identifying restrictions. It is set up as
Ayt = Aν + AA1 yt−1 + · · · + AA p yt−p + ABwt = AAYt−1 + ABwt
and is referred to as AB-model (Amisano and Giannini, 1997). In this model, again wt ∼ (0, IK ) and
hence, Σu = A−1 BB′ A−1′ . Which model type is considered in a specific situation depends on the
nature of the identifying assumptions.
For the purposes of estimation it is useful to note that the exposition of the estimation methods
for the structural parameters is sometimes simplified by concentrating out the reduced-form slope
parameters A by replacing them with their equation-wise LS estimates, that is, A is replaced by
Â =

T
∑
t=1

yt Yt′

 T
−1
∑

′
 Yt−1 Yt−1  ,
t=1

if there are no restrictions on A. In other words, defining ût = yt − ÂYt−1 , we can focus on structural
equations Aût = w̃t , ût = Bw̃t or Aût = Bw̃t for estimating the structural parameters A or/and B.
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2.2. The vector error correction model
Notice that the standard levels form of the VAR(p) model (2.1) can also be used if there are integrated
and cointegrated variables. However, for cointegrated VAR models it is often useful to consider a
model setup which involves the cointegrating relations explicitly. If there are r linearly independent
cointegrating relations, the VAR(p) model can be set up in vector error correction model (VECM)
reduced-form as
∆yt = ν + αβ′ yt−1 + Γ1 ∆yt−1 + · · · + Γ p−1 ∆yt−p+1 + ut ,
where α and β are K × r matrices of rank r. If there are no over-identifying restrictions on the VECM
parameters, the Johansen reduced rank regression/Gaussian ML approach can be used to estimate the
parameters of this reduced form (Johansen, 1995; Lütkepohl, 2005, Chapter 7).
Denoting the corresponding estimated residuals by ût , the structural parameters can again be estimated from Aût = w̃t in the A-model, ût = Bw̃t in the B-model, and Aût = Bw̃t in the AB-model.
Thus, if there are no restrictions on the reduced-form slope parameters A or the VECM parameters,
the structural parameters can often be estimated using the relevant candidate of the three foregoing
systems of equations. Although estimating the structural parameters in this way opens up useful algorithms for computing point estimates, it may not be equally useful for evaluating asymptotic variances
or covariance matrices. As mentioned earlier, in structural VAR analysis having simple computational
methods for getting point estimates is important because the structural parameters are often only of
interest for computing impulse responses and other quantities for inference.
The preferred estimation method depends not only on the model setup but also on the identifying
restrictions. In the next section alternative sets of restrictions are presented which are important in
this context. The corresponding estimation methods are discussed in Sections 4–7.

3. Types of restrictions
It is recommended to use a model setup that facilitates imposing the identifying assumptions in the
form of linear restrictions. These are the most popular restrictions in practice. Important examples
are exclusion restrictions on the impact eﬀects of the structural shocks or on their long-run eﬀects.

3.1. Restrictions on the impact effects of shocks
Recursive models are perhaps the most common structural VAR models identified by short-run restrictions on the impact eﬀects of the structural shocks. They amount to restricting A or B to be
upper or lower triangular. Recursive models are typically just-identified although there can also be
additional over-identifying restrictions. Whether they are set up as A or B models does not matter
for just-identified recursive models because the inverse of a triangular matrix is also triangular. If a
triangular matrix A is estimated, an estimate for B can be constructed from the inverse of the estimate
of A and vice versa.
A recursive setup is also often used in partially identified models where, for example, only one
economic relation is identified or only one structural shock is of interest. In that case only one row
of A or one column of B is identified. Since just-identifying restrictions on other equations do not
aﬀect the identified equation, it is often possible to impose recursive restrictions on the model and
thereby fully identify A or B from a statistical point of view, meaning that the parameters are not
necessarily meaningful for economic interpretation but can be estimated consistently. For example,
in a three-variable system consisting of the log of gross national product (gnpt ), an inflation rate (πt )
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and a short-term interest rate (rt ), one may draw on a Taylor rule relation to postulate that gnpt and πt
may have an instantaneous eﬀect on rt , while interest rate changes have only a delayed eﬀect on the
former two variables. Ignoring lags, a structural system of the form



 1 a12 0   gnpt 
 a21 1 0   πt  = wt
(3.1)

 

a31 a32 1
rt
can be set up in this case. The first two equations in this system are clearly not identified but can
be identified by setting a12 = 0 which results in a recursive model. Such a restriction is arbitrary if
no economic reasoning suggests it. Still, if the first two equations are not of economic interest, the
restriction can be used to ensure statistical identification of the model. Given that recursive models
are particularly easy to estimate, this type of identification restrictions is quite common in practice
(e.g., Christiano et al., 1999; Kilian and Lütkepohl, 2017, Chapter 8).
For non-recursive models or over-identified structural VAR models it is important whether linear
restrictions are formulated for A or B. Clearly, linear restrictions for A may translate into nonlinear
restrictions for its inverse and linear restrictions for B may correspond to nonlinear restrictions for A.
Working with linear restrictions is recommended from a computational point of view. Therefore it is
useful to choose a model setup that accommodates the restrictions in linear form.
Generally linear restrictions on A can be written as
vec(A) = Rγ + r,
where R is a known K 2 × J matrix, γ is the J × 1 vector of unrestricted elements of A and r is a known
K 2 × 1 vector. In the example (3.1) with a12 = 0, the elements on the main diagonal of A are restricted
to be one such that
r = (1, 0, 0, 0, 1, 0, 0, 0, 1)′ ,
γ = (a21 , a31 , a32 )′
and

 0 1

R =  0 0

0 0

0
1
0

0
0
0

0
0
0

0
0
1

0
0
0

0
0
0

0
0
0

′


 .

Alternatively, there may be linear restrictions on B that can be written as
vec(B) = Rγ + r,

(3.2)

where r = 0, if there are just exclusion restrictions. Sometimes it is preferable to write the restrictions
in the form
Q vec(B) = q,

(3.3)

where Q is a known J ×K 2 restriction matrix and q is a known J ×1 vector. Likewise linear restrictions
for A could be represented in this form. Whether the restrictions are written as in (3.2) or in (3.3) is
often a matter of convenience and depends to some extent on the estimation method used. Of course,
there may be analogous restrictions on both A and B in the AB-model.
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3.2. Restrictions on the long-run effects of shocks
Structural identification in VAR models is often achieved by imposing restrictions on the long-run
eﬀects of the shocks. Since the long-run eﬀects of the shocks in a stable, stationary VAR model are
zero, the long-run eﬀects considered in the context of stable models are the accumulated eﬀects of the
shocks. Defining A(1) ≡ IK − A1 − · · · − A p , the relevant long-run eﬀects or long-run multiplier matrix
is
Ξ = A(1)−1 A−1 B

(3.4)

for the AB-model and analogously for the A-model and the B-model. It is more common in this
context to use either the A-model or the B-model. In particular, the B-model with long-run multiplier
matrix Ξ = A(1)−1 B is popular in practice (see Kilian and Lütkepohl, 2017, Chapter 10, for examples
and references).
Typical restrictions in this setup are exclusion restrictions. The most common set of restrictions
constrains Ξ to be a triangular matrix (e.g., Blanchard and Quah, 1989). More generally, for the
B-model, linear restrictions on Ξ can be written as
(
)
Ql vec(Ξ) = Ql A(1)−1′ ⊗ IK vec(B) = ql ,
where Ql is a suitable known restriction matrix and ql is a suitable vector. Thus, given the reducedform parameters, the implied restrictions for the structural parameters B are linear restrictions with
restriction matrix
(
)
Q = Ql A(1)−1′ ⊗ IK .
(3.5)
It is easy to combine these restrictions with further linear restrictions on the impact eﬀects.
In a model with integrated and cointegrated variables, a shock can have permanent eﬀects on the
variables. Hence, considering such eﬀects for identification purposes makes sense. The long-run
eﬀects matrix for the B-model in this case is
 −1
 
p−1
∑
 
 
′


Γi  β⊥  α′⊥ B,
Ξ = β⊥ α⊥ IK −
i=1

where β⊥ and α⊥ are orthogonal complements of β and α, respectively (e.g., King et al., 1991;
Lütkepohl, 2005, Chapter 9). For the A- and AB-model, B has to be replaced by A−1 or by A−1 B, respectively. It is noteworthy that the long-run eﬀects matrix has rank K − r and is hence a reduced rank
matrix if there are r > 0 linearly independent cointegration relations. The kth column of Ξ represents
the long-run eﬀects of the kth structural shock, wkt , on the components of yt .
Again linear restrictions can be imposed easily on Ξ. Since α⊥ , β⊥ , and the Γi are determined by
the reduced form, such restrictions amount to linear restrictions on B if the B-model is used. Typical
restrictions on Ξ are exclusion restrictions which amount to imposing that certain shocks do not have
a long-run or permanent eﬀect on some of the variables. If a whole column of Ξ is restricted to zero
this means that the corresponding shock does not have any permanent eﬀects on any of the variables
and is hence transitory. A shock is called persistent if it has permanent eﬀects on at least one of the
variables.
Typically such long-run restrictions are complemented with linear restrictions directly on the impact eﬀects. Such restrictions are in fact necessary for identifying all shocks properly if there is more
than one purely transitory shock in which case such shocks can obviously not be distinguished by
their long-run eﬀects which are all zero.
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4. Estimation of the A-model
All the frequentist estimators considered in the following are consistent and have asymptotic normal
distributions under standard conditions. Many of them are even equally eﬃcient asymptotically. However, as mentioned in the introduction, the structural parameters as such are often not of main interest
but derived quantities such as the implied impulse responses and forecast error variance decompositions are of interest. Inference for these quantities is typically based on bootstrap methods for which
a large number of estimates has to be computed. Thus, it is essential that a computationally eﬃcient
and robust estimation method is used for the structural parameters. This survey is meant to direct the
reader to suitable methods for a given setup. Asymptotic properties of the estimators and conditions
for their validity can be found, for example, in Kilian and Lütkepohl (2017, Chapters 9 and 11).

4.1. Short-run restrictions
4.1.1. Just-identified models
If the model is just-identified and there are just exclusion restrictions, estimation of the A-model is
particularly simple. A popular example is a recursive model where the structural matrix A is lower
triangular. In that case, A and Σw can be estimated by MM using the relation Σu = A−1 Σw A−1′ . The
MM estimator can be computed easily with the help of a Cholesky decomposition of the reduced-form
error covariance matrix Σu . Typically Σu is estimated as
Σ̃u = T −1

T
∑

ût û′t

or

Σ̂u = (T − K p − 1)−1

t=1

T
∑

ût û′t .

t=1

The latter estimator uses a degrees-of-freedom adjustment and may be preferable in small samples.
The estimator Σ̃u is the Gaussian ML estimator and is used repeatedly in the following. It should be
understood that the asymptotic properties of the MM estimators remain unaﬀected if Σ̃u is replaced
by Σ̂u .
The MM estimator of A is
(
)−1
( )−1
Â = diag d̂1 , . . . , d̂K chol Σ̃u ,
where the d̂k , k = 1, . . . , K, are the diagonal elements of chol(Σ̃u )−1 . The MM estimator for the matrix
Σw is
Σ̃w = ÂΣ̃u Â′ .
Generally, if the A-model is just-identified and there are just exclusion restrictions for the oﬀdiagonal elements of A, simple estimation methods are available even if A is not triangular. The kth
equation of the A-model can be written as
ûkt = û′kt ak + w̃kt ,
where ûkt is the column vector of the elements of ût that appear on the right-hand side of the kth
equation of the model Aût = w̃t and where ak is the vector of associated structural parameters. For
example, for a lower-triangular matrix A, no parameters in the first equation have to be estimated
and the ‘regressors’ for k = 2, . . . , K are of the form û′kt = (û1t , . . . , ûk−1,t ) with parameters ak =
(−ak1 , . . . , −ak,k−1 )′ .
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Summarizing the model for t = 1, . . . , T in matrix notation yields
xk = Xk ak + wk ,
where xk ≡ (ûk1 , . . . , ûkT )′ , Xk ≡ [ûk1 , . . . , ûkT ]′ and wk ≡ (w̃k1 , . . . , w̃kT )′ . The LS estimator is
)−1
(
′
Xk′ xk .
âLS
k = Xk Xk

(4.1)

(4.2)

This estimator is equivalent to the MM estimator based on solving the system of equations
(
)
Σ̃u = A−1 diag σ21 , . . . , σ2K A−1′
for the unrestricted elements of A and σ21 , . . . , σ2K . It can also be interpreted as a GMM estimator
based on the moment conditions E(u′kt wkt ) = 0. Thus,
MM
âLS
= âGMM
.
k = âk
k

4.1.2. Over-identified models
LS estimation can also be used if there are over-identifying restrictions of the form
ak = Rk γk ,

(4.3)

where Rk is a matrix that relates the unrestricted parameters γk to the restricted parameter vector ak .
The vector γk can be estimated by LS from the regression
xk = Xk† γk + wk ,
where Xk† = Xk Rk . Now there may be more instruments in Xk than parameters in the kth equation.
These instruments can be used to estimate the parameters γk possibly more eﬃciently by two-stage
LS (2SLS) using the instruments X̂k† ≡ Xk (Xk′ Xk )−1 Xk′ Xk† ,
(
)−1
(4.4)
γ̂kIV = γ̂k2SLS = X̂k†′ Xk† X̂k†′ xk .
This estimator can also be interpreted as a GMM estimator based on the moment conditions E(u′kt wkt ) =
0 and the GMM objective function
(
)(
)−1 (
)
1 ′
1 ′
1 ′
J(γk ) =
w Xk
X Xk
X wk
T k
T k
T k
( (
)−1 (
)′ ) ( 1
))
1
1 ′(
=
xk − Xk† γk Xk
Xk′ Xk
Xk xk − Xk† γk .
(4.5)
T
T
T
In other words, if this GMM objective function is used for estimation,
γ̂kGMM = γ̂k2SLS .
So far only the estimation of the kth equation of the structural VAR model has been discussed.
Since the components of wt are instantaneously uncorrelated, single-equation GMM is identical to
estimating the full system


 
  †

 x1   X1 · · · 0   γ1   w1 
 ..   .. . .
..   ..  +  .. 
 .  =  .
.
.   .   . 

 
 


wK
γK
xK
0 · · · XK†
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by GMM. Note that there may be equations without any parameters to estimate like in the recursive
model. Such equations are dropped from the system. The full system has to be estimated jointly, if
there are cross-equations restrictions.
It is worth emphasizing again that concentrating out the parameters of the lagged variables and
working with the estimated reduced-form residuals instead of the observations is not the same as the
standard GMM framework for estimating the structural model including the lagged values. If standard
GMM software is used, it is preferable to work with the original observations and include the lagged
values in the equations. The same formulas can be used in that case but the symbols have to be
adjusted properly. For example, xk has to include the original observations, i.e., xk = (yk1 , . . . , ykT )′
instead of LS residuals, Xk and Xk† are matrices that include the lagged observations in addition to
unlagged observations, and the parameter vector γk has to include also all parameters associated with
the lags of the observed variables etc. If such modifications are used, the standard output of GMM
estimation for asymptotic covariance matrices, t-ratios etc. can be used.
Estimates of the elements of A are obtained from the relation ak = Rk γk by replacing γk with an
estimator. The diagonal elements of Σw can be estimated in the usual way from the estimated structural
residuals as
T
1∑ 2
σ̂2k =
ŵ .
T t=1 kt

4.2. Other restrictions and estimation approaches
4.2.1. Just-identifying restrictions
Suppose there are just-identifying restrictions of the form
Qvec(A) = q,
where this set of equations may contain short-run and long-run restrictions. In other words, Q may
contain reduced-form parameters as in (3.5). In that case, we denote by Q̃ the matrix obtained by
replacing all reduced-form parameters by LS estimators for the levels VAR model or by Gaussian ML
estimators for VECMs.
For this type of restrictions, MM estimation is the preferred method for just-identified models.
Since
(
)
AΣu A′ = diag σ21 , . . . , σ2K ,
Σu is replaced by Σ̃u and the system of equations
(
) ] [
(
(
)) ]
[
vech AΣ̃u A′
vech diag σ21 , . . . , σ2K
=
q
Q̃vec(A)
is solved by a nonlinear equations solver. It can be shown that the resulting estimates Ã and Σ̃w =
diag(σ̃21 , . . . , σ̃2K ) are identical to the Gaussian ML estimates.

4.2.2. Gaussian maximum likelihood estimation
If there are over-identifying restrictions, Gaussian ML estimates of the structural parameters are obtained by maximizing the concentrated log-likelihood as a function of the structural parameters,
)
T
T (
T
(4.6)
log lc (A, Σw ) = constant + log(det A)2 − log det (Σw ) − tr A′ Σ−1
w AΣ̃u ,
2
2
2
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∑
where Σ̃u = T −1 Tt=1 ût û′t is the usual ML estimator of the reduced-form residual covariance matrix
(Lütkepohl, 2005, Chapter 9). The log-likelihood function has to be maximized with respect to A and
Σw = diag(σ21 , . . . , σ2K ) subject to the identifying restrictions which may require numerical optimization methods. If the restrictions are just-identifying, the estimator is the same as the MM estimator
discussed earlier.

4.2.3. Instrumental variable estimation of structural vector error correction models
Pagan and Pesaran (2008) observe that in a structural VECM the cointegration relations can serve
as instruments under certain conditions. They show that a VECM with r (0 < r < K) linearly
independent cointegration relations, r structural shocks with transitory eﬀects only and K −r persistent
shocks with permanent eﬀects, can be arranged such that
p
†p
A p ∆yt = Γ†p
1 ∆yt−1 + · · · + Γ p−1 ∆yt−p+1 + wt ,

(4.7)

†tr
tr
Atr ∆yt = α†(r×r) β′ yt−1 + Γ†tr
1 ∆yt−1 + · · · + Γ p−1 ∆yt−p+1 + wt ,

(4.8)

wtp

where the intercept has been deleted for simplicity,
is a (K − r)-dimensional vector of persistent
shocks and wtrt is an r-dimensional vector of transitory shocks. In this model setup, the cointegration
relations, β′ yt−1 , do not appear in the first K−r structural equations of the system. If the r cointegration
relations β′ yt−1 are known, they can be used as instruments in the first set of equations and wtp can be
used as a vector of instruments for Atr in the second set of equations because wtp is uncorrelated with
wtrt .
Since A p has up to (K − 1)(K − r) unknown elements to be estimated, the r cointegration relations
may not provide enough instruments for consistent estimation of all the structural parameters. In that
case the instruments have to be complemented with other identifying information such as exclusion
restrictions for the impact eﬀects of the structural shocks.
Kilian and Lütkepohl (2017, Section 11.2) emphasize that this IV method for estimating the structural parameters in the presence of long-run restrictions requires that (1) the number of transitory
shocks is equal to the cointegrating rank, r, of the system and the number of persistent shocks is equal
to the number of common trends, K − r; (2) the cointegration relations are known. In any case, if
the instruments are insuﬃcient for estimating all structural parameters, identifying information from
other sources is needed.

5. Estimation of the B-model
5.1. Just-identified models
If the B-model is just-identified, a MM approach to estimating B is recommended. That approach is
based on the covariance matrix of the reduced-form VAR residuals, Σu , which may be expressed in
terms of the structural model parameters as
Σu = BB′ .

(5.1)

Replacing Σu by a consistent estimate Σ̃u or Σ̂u and solving the system of equations (5.1) subject
to the identifying restrictions gives an estimate of B. For the A-model, MM estimation is typically
considered only if the model is recursive or if numerical methods are needed for estimation and no
simple closed form estimator exists. In contrast, for the B-model, in some cases computing the MM
estimator is straightforward. In the following the focus is on such cases but the general case which
involves nonlinear numerical techniques is also presented.
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5.1.1. Recursive models
If B is lower-triangular the easiest way of computing the MM estimator of the structural parameters
involves estimating the reduced-form VAR parameters, computing the residual variance-covariance
matrix Σ̂u or Σ̃u and applying the Cholesky decomposition. In other words,
( )
( )
B̂ = chol Σ̂u
or B̂ = chol Σ̃u .
If B is upper triangular, the same approach can be used, but it is necessary to multiply the estimate of
B from the left and the right by the orthogonal matrix


 0 · · · 0 1 
 0 · · · 1 0 

G =  . .
. . ... ... 
 ..


1 ··· 0 0
such that, for example,
( )
B̂ = G chol Σ̃u G
(see, Lütkepohl, 2005, A.9.3). This MM estimator is also the Gaussian ML estimator if Σu is estimated
by Σ̃u .
Estimation by Cholesky decomposition is also possible if there are recursive long-run restrictions,
i.e., if Ξ = A(1)−1 B is triangular. This case is quite common in practice (e.g., Blanchard and Quah,
1989). For simplicity we assume that Ξ is lower triangular. In that case, chol(Â(1)−1 Σ̃u Â(1)−1′ ) is an
estimator of A(1)−1 B and
(
)
B̂ = Â(1)chol Â(1)−1 Σ̃u Â(1)−1′
is the MM estimator of the structural matrix B.
It is important to note that this MM estimator involves the inverse of Â(1) = IK − Â1 − · · · − Â p
which may be ill-conditioned if some of the components of yt are integrated and possibly cointegrated
because in that case A(1) is singular. Thus, the MM estimator should only be used if the underlying
VAR process is stable. In fact, even in that case the estimates may not be accurate if there are very
persistent variables with autoregressive roots near unity because in that case A(1) will be near singular
which may translate into large variances of the MM estimator. This problem has led some researchers
to question the usefulness of long-run identifying restrictions (see Kilian and Lütkepohl, 2017, Section
11.4, for a discussion). Lütkepohl et al. (2017) show, however, that long-run restrictions can lead to
more precise inference for impulse responses derived from the structural parameters than short-run
restrictions, provided the autoregressive roots are not close to the unit circle.

5.1.2. Non-recursive models
If the restrictions are just-identifying but not recursive so that B is not triangular, a nonlinear equations
solver can be used to solve the system of equations
Σ̂u = BB′

or Σ̃u = BB′

for B, subject to the identifying restrictions. For small systems with exclusion restrictions it may be
possible to obtain a recursive system by rearranging the variables. Moreover, sometimes the solution
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is easy to find without a nonlinear equations solver. In that case, such solutions may be preferable
in terms of computing time. Rubio-Ramı́rez et al. (2010) present a non-iterative algorithm for justidentified models which can be used in this context and which may have computational advantages.

5.2. Over-identified models
5.2.1. Generalized method-of-moments estimation
If over-identifying restrictions are available for B, GMM estimation can be used. In that case, no B
matrix exists that satisfies all identifying restrictions and also the relations Σ̃u = BB′ . Therefore the
objective is to find the structural parameter values that minimize a weighted average of the moment
conditions where the asymptotically optimal set of weights corresponds to the inverse of the variancecovariance matrix of the sample moment conditions.
A set of moment conditions for estimating B is
(
(
)
(
))
E vech ut u′t − vech BB′ = 0
for which the empirical counterpart is


T
( )

 1 ∑
)
(
′
′
ût ût − BB  = vech Σ̃u − vech BB′ .
vech 
T t=1
Defining
Ω̂ =

T
)(
)′
)
)
(
(
1 ∑(
vech ût û′t − vech (ûû′ ) vech ût û′t − vech (ûû′ )
T t=1

with
vech (ûû′ ) =

T
)
(
1∑
vech ût û′t ,
T t=1

the GMM estimator for B chooses the unknown elements of B so as to minimize
(
( )
(
( )
))
(
))′
(
J = T vech Σ̃u − vech BB′ Ω̂−1 vech Σ̃u − vech BB′
subject to all identifying and over-identifying restrictions. Typically numerical algorithms have to be
used for minimizing J subject to over-identifying restrictions.

5.2.2. Gaussian maximum likelihood estimation
As mentioned earlier, the MM estimator is equivalent to Gaussian ML estimation if Σ̃u is used as
estimator for Σu and the model is just-identified. For an over-identified B-model, concentrating on the
structural parameters, the concentrated log-likelihood function is
log lc (B) = constant −

)
T
T (
log(det B)2 − tr B−1′ B−1 Σ̃u .
2
2

(5.2)

In general the concentrated log-likelihood function can be maximized by a numerical optimization
algorithm with respect to B subject to the identifying restrictions.
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If yt is a stationary Gaussian VAR(p) process, the ML estimation framework also facilitates the
derivation of the asymptotic properties of the estimator. General ML theory implies that the unrestricted parameters are consistent and asymptotically normal. If there are over-identifying restrictions
on B, the restricted ML estimator of Σu is
Σ̃ru ≡ B̃B̃′ ,

(5.3)

where B̃ is the restricted ML estimator of B satisfying all identifying restrictions.

6. Estimation of the AB-model
6.1. Just-identified models
MM estimation can also be used for just-identified AB-models. The moment conditions are
Σu = A−1 BB′ A−1′ .
Given identifying restrictions
[
Q

vec(A)
vec(B)

]
= q,

the system of equations to be solved for A and B is
(
)

 vech AΣ̃u A′
 [
]

 Q̃ vec(A)
vec(B)


 [
]

vech(BB′ )
 =
,
q


where Q̃ is obtained by replacing all reduced-form parameters in Q by their ML/LS estimates. Solving
this system of equations for A and B typically requires the use of a nonlinear equations solver. Under
normality assumptions and if reduced-form estimation is done by Gaussian ML, then the resulting
estimates are also ML estimates. This result shows the good asymptotic properties of MM estimators
under standard assumptions.

6.2. Over-identified models
For over-identified models, GMM or Gaussian ML estimation of the AB-model may be used.

6.2.1. Generalized method-of-moments estimation
GMM estimation of the AB-model is a straightforward extension of GMM estimation of the B-model.
If there are identifying restrictions on both A and B in an over-identified structural VAR model, the
GMM estimators are obtained by minimizing the objective function
(
)′
(
)
J = T vech Σ̃u − A−1 BB′ A−1′ Ω̂−1 vech Σ̃u − A−1 BB′ A−1′
subject to all restrictions on both A and B.
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6.2.2. Gaussian maximum likelihood estimation
If there are no restrictions on the reduced-form parameters, Gaussian ML estimation is again executed
by concentrating on the structural parameters. The relevant concentrated log-likelihood function is
)
T
T
T (
log lc (A, B) = constant + log(det A)2 − log(det B)2 − tr A′ B−1′ B−1 AΣ̃u
(6.1)
2
2
2
(see Lütkepohl, 2005, Chapter 9).
In general the concentrated log-likelihood function can be maximized by a numerical optimization
algorithm with respect to A and B, subject to the identifying restrictions. For just-identified models it
can be shown that the ML estimates satisfy
Ã−1 B̃B̃′ Ã−1′ = Σ̃u .
In other words, ML estimation and MM estimation provide identical results if the same estimator for
Σu is used. If there are over-identifying restrictions on the structural parameters, the reduced-form
error covariance matrix Σu may be estimated as
Σ̃ru ≡ Ã−1 B̃B̃′ Ã−1′ .

(6.2)

7. Bayesian estimation
In practice, structural VAR analysis is often based on Bayesian estimation methods. Bayesian estimators are obtained by evaluating the posterior distribution of the parameters of interest or functions
of the structural parameters. The first step in constructing the posterior distribution of the structural
parameters is the specification of a prior. In the framework of structural VAR analysis the prior is
either imposed on the reduced-form parameters or on the structural parameters. The latter approach
is more plausible if the structural parameters are of main interest and prior believes are available for
the structural parameters. Priors imposed on the reduced-form parameters often reflect the limited
structural knowledge of the investigator. They are formulated with the objective to obtain posterior
distributions which are easy to sample from and to induce little distortion for the structural analysis.
Gaussian-inverse Wishart priors are conventional priors for reduced-form VAR models. The mean
of the prior for the VAR coeﬃcients is typically specified as for a so-called Minnesota prior which
shrinks the VAR slope parameters to zero or a random walk process depending on the persistence
properties of the data (Kilian and Lütkepohl, 2017, Chapter 5).
Suppose that the VAR(p) model (2.1) has Gaussian errors, ut ∼ N(0, Σu ), and the priors for A and
Σu are
vec(A)|Σu ∼ N(vec(A∗ ), VA = V ⊗ Σu )

(7.1)

Σu ∼ IW K (S ∗ , n),

(7.2)

and

where IW K (S ∗ , n) denotes an inverse Wishart distribution with K × K matrix parameter S ∗ and
degrees-of-freedom parameter n. Using the covariance matrix Kronecker product V ⊗ Σu in the conditional prior for A simplifies the posterior distribution which turns out to be also a Gaussian-inverse
Wishart distribution,
(
)
vec(A)|Σu , y ∼ N vec(Ā), Σ̄A , Σu |y ∼ IW K (S , τ),
(7.3)
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where y = vec(y1 , . . . , yT ) denotes the data,
(
)(
)−1
Ā = A∗ V −1 + YZ ′ V −1 + ZZ ′

(7.4)

and
(
)−1
Σ̄A = V −1 + ZZ ′ ⊗ Σu .
Here Z ≡ [Y0 , . . . , YT −1 ] and Y ≡ [y1 , . . . , yT ]. The parameters of the inverse Wishart distribution in
(7.3) are
(
)
S = T Σ̃u + S ∗ + ÂZZ ′ Â′ + A∗ V −1 A∗′ − Ā V −1 + ZZ ′ Ā′
(7.5)
and τ = T + n (Koop and Korobilis, 2010; Kilian and Lütkepohl, 2017, Section 5.2.4; Uhlig, 1994,
2005). Here A∗ and Ā are K × (K p + 1) matrices and Â = YZ ′ (ZZ ′ )−1 .
Since the posterior is from the same distributional family as the prior, the prior (7.1)/(7.2) is a
conjugate prior. Given that the prior is also from the same distributional family as the likelihood,
it is even a natural conjugate prior. The question is, of course, how to choose the prior parameters
A∗ , V, S ∗ and n. As mentioned before, the prior mean A∗ is often chosen as in the Minnesota prior,
i.e., A∗ is chosen such that the corresponding model for persistent variables is a random walk and for
non-persistent variables a white noise process (see Kilian and Lütkepohl, 2017, Section 5.2.3, for the
Minnesota and other priors). The variance related prior parameters V, S ∗ and n are chosen such that
the prior has a limited impact on the posterior. In other words, very large or even infinite variances are
chosen. If infinite variances are chosen, V −1 is replaced by a zero matrix in the posterior distributions
and the prior is improper.
Using a prior that gives rise to a known form of the posterior distribution of the reduced-form parameters is convenient because it makes it easy to draw samples from the reduced-form posterior. For
just-identified models, reduced-form posterior draws can then be transformed to draws of structural
parameters (e.g., Canova, 1991; Gordon and Leeper, 1994). For example, for a recursive identification
scheme, a Cholesky decomposition of the ith draw of Σu yields the ith posterior draw for B.
Given that the prior in this approach is not specified for the structural parameters which are supposedly the parameters of interest, this approach is unsatisfactory. It is even more problematic if there
are over-identifying restrictions for A or B because they would be ignored in a general purpose prior
for the reduced form. Sims and Zha (1998, 1999) have developed an approach for imposing priors
directly on the structural parameters. The approach is specifically designed for structural VAR models with linear restrictions on A. There are no obvious extensions for B-models. A generalization for
certain nonlinear restrictions on A was recently proposed by Canova and Pérez Forero (2015).
Canova (2007, Section 10.3) compares the structural priors discussed in Sims and Zha (1998)
with more traditional Minnesota priors on the reduced-form parameters and points out that there are
important diﬀerences. Thus, imposing the prior on the structural parameters can make a diﬀerence for
the posterior of the structural parameters.

8. Illustrations
In this section some illustrative examples for estimating structural VAR models are provided. The ISLM example data from Breitung et al. (2004) are used to illustrate the estimation of the structural parameters under alternative sets of restrictions. The data consists of three seasonally adjusted, quarterly
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Table 1: Structural restrictions and frequentist estimation methods
Restrictions
Recursive model (triangular A or B)
Just-identifying linear restrictions on A
Over-identifying linear restrictions on A
Just-identifying linear restrictions on B
Over-identifying linear restrictions on B
Just-identifying linear restrictions on A and B
Over-identifying linear restrictions on A and B

Estimation method
Cholesky decomposition, MM
LS
IV, 2SLS, GMM
MM
GMM, ML
MM
GMM, ML

MM = method-of-moments; LS = least-squares; IV = instrumental variables; 2SLS = two-stage LS;
GMM = generalized method-of-moments; ML = maximum likelihood.

U.S. time series for log real GDP (qt ), the log of the real monetary base (mt ) and a three-months interbank interest rate (rt ) for the period 1970Q1–1997Q4. (The data is available at http://www.jmulti.de.
Further details on the data sources are given by Breitung et al. (2004).) Thus, yt = (qt , mt , rt )′ is
three-dimensional.
A VAR(4) model is fitted to the data, as in Breitung et al. (2004), and various alternative sets of
identifying restrictions for the structural parameters are used. Some of these restrictions are not plausible from an economic point of view but are just chosen to illustrate specific identification restrictions
and the related estimation methods for the structural parameters.
As discussed in the previous sections, the choice of estimation method depends on the type of
model and restrictions. The frequentist estimation methods most suitable for specific model types
and restrictions are summarized in Table 1. To illustrate the methods, the following three alternative
A-models with A matrices






 1 0 0 
 1 0 0 
 1 0 0 






 ∗ 1 ∗  and  0 1 ∗ 
 ∗ 1 0  ,
∗ 0 1
∗ 0 1
∗ ∗ 1
are considered. They all have diagonal structural covariance matrix
 2
 σ1

Σw =  0

0

0
σ22
0

0
0
σ23




 .

The asterisks denote unrestricted elements while 0 and 1 stand for restricted parameters. The first
model is recursive. The second identification scheme is not recursive but just-identified and the third
scheme is over-identified with just two structural parameters to be estimated in the A matrix.
Based on Table 1, MM via Cholesky decomposition is the recommended estimation method for
the recursive model. The resulting estimates are presented in Table 2. Equivalently, the unknown
elements of A can be estimated by applying LS to the two equations
mt = ν2 − a21 qt + a∗2 Yt−1 + w2t
and
rt = ν3 − a31 qt − a32 mt + a∗3 Yt−1 + w3t ,
where a∗k denotes the kth row of AA, as before.
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Table 2: Estimated A-models
Model
Recursive

Nonrecursive

Over-identified


1

 −0.0458

−0.0502

1

 −0.0483

−0.0098

1


0

−0.0098

Â
0
1
0.8822

0
0
1

0
1
0

0
0.2614
1

0
1
0

0
0.2612
1















 0.4614

0

0

 0.4614

0

0

 0.4614

0

0

Σ̃w
0
0
0.2980
0
0
0.7738
0
0.2293
0

0
0
1.0058

0
0.2304
0

0
0
1.0058



 × 10−4



 × 10−4



 × 10−4


Computations were done with suitably adjusted Matlab code provided at http://www-personal.umich.edu/∼lkilian/book.html.

Table 3: Estimated B-models

 0.0072
 0.0003

0.0001

 0.0072

0

0.0004

 0.0072

0

0.0005

Recursive model

Nonrecursive model

Over-identified model

0
0.0058
−0.0051

0
0
0.0094

0.0004
0.0058
−0.0051

0
0
0.0094

0.0006
0.0058
0

0
0
0.0107














Computations were done with JMulTi (see http://www.jmulti.de).

LS is also the recommended method for estimating the nonrecursive just-identified model. In
other words, LS is applied to the two equations
mt = ν2 − a21 qt − a23 rt + a∗2 Yt−1 + w2t
and
rt = ν3 − a31 qt + a∗3 Yt−1 + w3t .
The resulting estimates are also presented in Table 2.
Finally, 2SLS may be considered for estimating the second equation of the over-identified Amodel,
mt = ν2 − a23 rt + a∗2 Yt−1 + w2t .
The estimates are also given in Table 2, where the third equation of the over-identified model is
estimated by LS.
To illustrate the estimation of B-models, three such models with B matrices






 ∗ ∗ 0 
 ∗ ∗ 0 
 ∗ 0 0 
 0 ∗ 0 
 0 ∗ 0  ,
 ∗ ∗ 0  ,






∗ 0 ∗
∗ ∗ ∗
∗ ∗ ∗
and Σw = I3 are considered. The first model has a lower-triangular B matrix and is, hence, recursive.
The second scheme belongs to a just-identified but nonrecursive model and the third model is overidentified. The recommended estimation method for the first model is by a Cholesky decomposition
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Table 4: Estimated AB-model

1

 −0.0483

−0.0098

Â
0
1
0

0
0.2614
1







 0.0068

0

0

B̂
0
0.0048
0

0
0
0.0100






Computations were done with suitably adjusted Matlab programs provided at http://www-personal.umich.edu/∼lkilian/book.
html.

of the estimated reduced-form covariance matrix. The second model is easily estimated by MM
estimation, that is, by a suitable decomposition of the estimated reduced-form residual covariance
matrix and the third model can be estimated by Gaussian ML. The three resulting estimates are given
in Table 3. They are all obtained by the software JMulTi which is a powerful tool for structural VAR
estimation (Krätzig, 2004).
To illustrate an AB-model, I note that an A-model can be cast in AB form by specifying the
B matrix as a diagonal matrix and standardizing the innovation covariance matrix to be an identity
matrix, Σw = IK . For example, the nonrecursive just-identified A-model can be parameterized as


 1 0 0 


A =  ∗ 1 ∗ 


∗ 0 1

and


 ∗ 0

B =  0 ∗

0 0

0
0
∗




 .

MM estimation is a suitable method for this type of model (Table 1). It is equivalent to Gaussian ML.
The estimates for the example model are given in Table 4.
Finally, to illustrate the estimation of a structural VAR model in the presence of long-run restrictions, consider a B-model with lower-triangular long-run multiplier matrix Ξ,

 ∗ 0

Ξ = A(1)−1 B =  ∗ ∗

∗ ∗

0
0
∗




 .

Note that, in practice, for the example model such restrictions are not recommended because the
variables may be integrated in which case A(1) is not invertible (Breitung et al., 2004). However, for
illustrative purposes, since the LS reduced-form estimate of A(1) is nonsingular, I proceed as if A(1)
were nonsingular and use the long-run restrictions to identify B. The recursive restrictions suggest
using an estimator based on the Cholesky decomposition of Â(1)−1 Σ̃u Â(1)−1′ . The resulting estimate
of B is


)  −0.0018 −0.0044 0.0054 
(
0.0039 0.0023  .
B̂ = Â(1)chol Â(1)−1 Σ̃u Â(1)−1′ =  −0.0037


0.0101 −0.0002 0.0034
This estimate was also computed with the software JMulTi.

9. Conclusions and extensions
This study reviews methods for estimating structural VAR models set up as A-models, B-models or
AB-models. A range of alternative estimation methods are considered. It is stressed that the identifying restrictions should be placed such that easy estimation methods can be used. More precisely, it is
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useful if the restrictions can be imposed as linear restrictions on A or B or both of these matrices. The
choice of estimation method depends on the type of model and restrictions.
Many estimators allow to concentrate out the reduced-form parameters and estimate the structural
parameters from reduced-form residuals or the residual covariance matrix estimator directly. Gaussian
ML and GMM are the most general estimation methods which can be used even if there are overidentifying restrictions on A or B. For the A-model the GMM estimator can be computed in closed
form even in many situations when there are over-identifying restrictions. For just-identified models,
MM estimation is often a suitable choice and for recursive models estimates can be computed using a
Cholesky decomposition of a matrix based on reduced-form parameters.
It is also possible to estimate structural VAR models by Bayesian methods. The conventional
approach of formulating a prior for the reduced-form parameters and generating posterior draws for
the structural parameters A and/or B from the draws for Σu has the drawback that it does not allow
for over-identifying restrictions. So far Bayesian methods that impose priors directly on the structural
parameters are primarily suitable for A-models.
There are a number of extensions of the basic model setup considered in this survey. First of
all, linear identifying restrictions are emphasized because they facilitate estimation of the structural
parameters. Some of the methods can in principle be adopted to nonlinear restrictions as well. For
example, Gaussian ML and GMM estimation can be used in principle in conjunction with nonlinear
restrictions. The computational challenges may become more burdensome for that case, however.
The basic model in this survey is a finite order VAR(p) model. Many of the methods can be justified even if the true VAR order is infinite and the finite order VAR model used for structural analysis
is just an approximation to an infinite order process. The corresponding methods are discussed in the
literature under the headline of sieve estimation (e.g., Kilian and Lütkepohl, 2017).
Another extension of the basic model setup allows for heteroskedasticity or conditional heteroskedasticity. Clearly, time-varying residual volatility is a common feature of financial data and
therefore it also plays an important role in structural VAR analysis. Such features are in principle
easy to deal with by using, for example, generalized LS methods rather than LS or by adjusting the
likelihood function appropriately. Since the structural parameters are related to the residual covariance matrix, it is in fact possible to use a time-varying covariance structure for the identification of
structural shocks. A broad literature addressing the topic of identification through heteroskedasticity
has evolved following proposals by Rigobon (2003), Lanne and Lütkepohl (2008) and others. Recent
surveys of the related literature are provided by Lütkepohl (2013) and Kilian and Lütkepohl (2017,
Chapter 14).
This review focusses on point-identified structural VAR models. In practice set-identified models
based on sign restrictions for the structural parameters or the derived impulse responses are often
considered (see Uhlig (2005) for an important contribution to this literature and Kilian and Lütkepohl
(2017, Chapter 13) for a recent survey). Although extensions of the setup discussed in this review
to such models are not straightforward, some of the estimation algorithms presented in the current
study are important building blocks of the related algorithms used in the sign restriction literature.
Therefore being familiar with the methods discussed in the current study is useful.
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